Abstract. The Rayleigh hypothesis is employed to solve the forward problem of scattering of a known, arbitrary acoustic wave from a body of revolution immersed in a shallow body of water. The acoustic wavefields obtained in this way are then employed as simulated data for the inverse problem of the determination of the (unknown) size, shape and depth of the immersed body, which is known to be acoustically soft, axisymmetric in shape and located on the vertical axis of a Cartesian reference system within the shallow-water waveguide. This fully 3D inverse problem is solved by the intersecting canonical domain, using multifrequency scattered field data, for two types of body: a non-convex (indented) spindle and a conical seamount.
Introduction
This work is concerned with the identification (i.e. determination of size, shape and depth) of 3D objects in a shallow-water environment by inversion of the scattered acoustic wavefield. The area of applications is the identification of mines, submarines or submerged navigational obstacles (wrecks, reefs, seamounts, etc) in harbours and other shallow bodies of water. All these objects are essentially acoustically passive, in contrast to noisy ships, which are often located (but rarely characterized) by matched-field processing techniques employing a point source model of the active body [9] . When the object is passive and its shape is the sought-for information, the radiating point source description is no longer appropriate. At the very least, a whole set of induced point sources must be employed for this purpose, and the identification problem reduces to the much more complicated task of the determination of the positions and intensities of these sources. This method has been implemented for 2D models of the scattering object in a homogeneous waveguide with impenetrable boundaries [20, 21] and for a 3D object in free space [1] , but not for identifying objects in layered media or waveguides.
Another approach for classifying a submerged object from its shape is based on the socalled resonance scattering technique [16] , but is not easy to apply unless the target has a simple shape and is in an unrealistically simple environment. It is conceivable to identify the object by more complicated iterative techniques appealing to boundary or domain integral representations of the scattered wavefield [17] , but these techniques are so computer intensive that it is dubious that they would be of practical use in the above-mentioned applications.
Nevertheless, some authors [11, 13, 15] have investigated, by integral equation methods, propagation and shape reconstruction of an object in acoustic waveguides with pressure release sea surface and rigid or elastic sea floors. Subsequent research [7, 12, 14] in this area employed the intersecting canonical domain (ICD) approximation procedure to invert the field in a numerically more efficient manner, the synthetic data being constructed by the same method or by a perturbation technique to construct the field.
In this paper, the sea floor is rigid, the sea surface is pressure release, the immersed axisymmetric body is acoustically soft and the interrogating wave is arbitrary so that the inverse problem is fully 3D. The synthetic data are generated by a Rayleigh-hypothesis-inspired scheme and the image of the body is obtained by the ICD technique.
Problem description
In the absence of the body, the waveguide occupies the open domain included between the two horizontal flat-plane boundaries z = 0 (called 'top' or S T ) and z = h (called 'bottom' or S B ), the Oxyz Cartesian reference system being such that the top occupies the xy-plane and the z-axis points towards the bottom. This unbounded (in the horizontal direction) water-filled waveguide, whose depth is h, is in contact with an acoustically-soft medium (such as air) at the top and with an acoustically-hard medium (such as rock) at the bottom. The boundary conditions at the top and bottom are therefore of the Dirichlet and Neumann types respectively. A monochromatic acoustic wave radiated by known sources in is assumed to propagate in the waveguide.
This wave strikes and is scattered off the acoustically-soft body of revolution, whose axis is the z-axis (this is a priori information on the range of the object). The body occupies the domain 1 and what remains of is denoted by 0 (see figure 1) . The boundary S = ∂ 1 is described by a circle in any horizontal cross-cut (parallel to the xy) plane and by the curve in any vertical cross-cut (ϑ = const, with r, ϑ, z the cylindrical coordinates) plane such that
wherein f (z) (hereafter termed the 'profile function', which comprises shape, size and depth information) is a single-valued, continuous function of z (which can vanish in subintervals of [0, h] ) and x the vector joining the origin O to a generic point in .
Let ω designate the angular frequency of the incident wave whose time dependence is assumed to be exp(−iωt). The latter is communicated to the scattered field and is henceforth suppressed. Let the incident, scattered and total pressures in be designated by u I , u s , and u = u I + u s respectively. The governing equations (in which s(x) is the source density, ∂ ν the normal derivative and k = ω/c the wavenumber in water, with c the celerity in water) are The forward problem is: given
and h, find S. Note should be taken of the fact that (2)-(7) and the geometry of the problem imply that the field is 2π periodic in terms of ϑ.
Field representations in cylindrical coordinates
By solving the Helmholtz equation (3) by separation of variables in cylindrical coordinates one obtains the following representation of the field, satisfying (4), (5), (7) and the periodicity relation:
wherein H (1) m (·) is the Hankel function of the first kind (the superscript is henceforth dropped) of order m and
For the sake of convenience, it will be assumed that the sources are in + 0 , so that, by the same means, one can show that
is the Bessel function of order m.
The Rayleigh hypothesis
When the body is a circular cylinder (whose axis is the z-axis) occupying the full height of the waveguide, (8) holds at all points outside and on S. If the body is not such a circular cylinder than the scattered field does not admit a representation as simple as (8) 
It has been shown, albeit in a somewhat different context [2, 19] , that, if S is a sufficiently small departure from the canonical circular cylindrical surface r = R, then (8) is a valid representation of the field even with L = M = ∞. We shall assume this to be the case in the forward problem context. By employing the RH representation in the boundary condition (6), we obtain, on account of (1),
The area element is
and thus for a solid of revolution r = f (z) (10) becomes
Hence the coefficients in the expansion can be obtained by solving the linear systems
Introducing matrix notation
where
(11) takes the form
The matrices (12) will be computed using numerical integration, which is computationally intensive. To reduce the time required, note that for > 0
and thus the matrix equations for the unknown coefficient vectors a ( ) and a (− ) are
The scattered field is then computed as
The above formulation is not directly applicable to a scatterer with a profile r = f (z) for which f (z) = 0 outside some interval 0 < a < z < b < h since the functions H (kα n f (z)) in (12) are singular at such points. In order to obtain an approximate field for such a scatterer we convert the object to a full-height scatterer by replacing f (z) by
where ε is small.
Simulations using the ICD method
The intersecting canonical domain (ICD) method is an obstacle reconstruction technique introduced by Scotti and Wirgin [22, 23] . ICD seeks the radius of the scattering surface by minimizing the discrepancy between the measured total field and the field that would arise from scattering off a canonical body for which the scattered field has an explicit formula. For the problem under consideration the appropriate canonical body is a circular cylinder of radius ρ with axis perpendicular to the ocean surface, the total field of which has the representation In the simulations presented in this section the ocean depth is taken to be h = 10. We test the ICD method on the following two profiles for the obstacle:
(1) An indented parabolic spindle of maximum radius µ (figure 1)
with a = 3, b = 7, c = 0.25, µ = 0.5 and ε = 0.05 in (14) . (2) A conical seamount of height a and base radius µ (figure 2)
with a = 7, µ = 0.5 and ε = 0.05.
The computation of the forward field described in section 4 was carried out using Matlab. The numerical integrations in (12) were performed with the high-order adaptive Newton-Cotes routine quad8. As figure 3 shows the matrices D ( ) converge to zero in norm with increasing . However the condition numbers of the matrices E ( ) , as measured by Matlab's reciprocal condition estimator rcond, deteriorate with increasing , eventually falling below the value of the double-precision machine unit, = 2×10 −16 , after which point the matrices are effectively singular. To deal with this problem the procedure adopted for the calculation of the scattered field was to sum the series (13) over all terms for which the reciprocal condition number exceeded the machine unit and to use the average of the magnitudes of the last two terms in the summation divided by the magnitude of computed field as an estimate of the relative error of the computation. Figure 4 shows that an estimated error of better than 0.005 was attainable for wavenumber k = 10.
To implement the ICD method it was formulated as a minimization problem. Let u * (r, ϑ, z, ϑ 0 , z 0 ) denote the measured value of the total acoustic field at (r, ϑ, z) that results from the scattering of a plane wave source located at (ϑ 0 , z 0 ) off the unknown object. . . , P 0 , which are assumed to be distinguishable by the receiver, the ICD method determines the radius ρ of the object at angle ϑ and depth z by minimizing the objective function
where u c is given by (15) . Unfortunately this approach usually will not be successful at depths z that are not near a depth at which there is a source. The difficulty is illustrated by figure 5 , which compares the magnitude of the total field |u * (2, 0, z, 0, 4)| for the indented spindle (16), calculated as indicated in section 4, with the composite field created by calculating the magnitude of the field of a cylinder |u c (2, 0, z, f (z), 0, 4)| assuming that f (z) was the correct value given by (16) . As can be seen, the two fields agree only near the source position 
The ICD method seeks to find the global minimum ρ of the objective function (18) at a specified direction and depth (ϑ, z). The objective function may have multiple local minima [6] . Two approaches to reconstructing the cross-section of the scatterer are possible. Assuming that measurements u * from source/receivers at positions (r b , ϑ 0 , z p ), p = 1, . . . , P are available, multivariate minimization can be used to seek the radii f p that minimize the value of the objective function
This is the approach used in [14] . An alternative is the uncoupled equation procedure of [23] in which univariate minimization is used on the objective function (18) to find f p at each point (ϑ 0 , z p ) separately. The former approach is potentially more efficient, but there is a risk that the minimization procedure will terminate before the global minimum has been attained at all points. We will use the less efficient, but more reliable, uncoupled equation approach.
To reconstruct a cross-section of the scatterer the following algorithm employing the univariate quadratic minimizer f min in Matlab was used. It was assumed that the radius of the scatterer is known to lie in some interval [ In the simulations presented here the parameters for the algorithm were f max = r b /2, K 1 = 40 and δ = 0.2.
In [8] it was pointed out that a problem arises when measurements are taken at near-nulls in the acoustic field. Such nulls become more common as the axis-to-receiver distance increases. Figures 6 and 7 show that while ICD was able to make a fairly accurate determination of the shape of the indented spindle for wavenumber k = 8 when the receiver-to-axis distance was r b = 2, it was not able to do so at the longer axis-to-receiver distance r b = 6. figure 7 indicates that these are the depths at which the ICD method makes a poor determination of the radius of the object. Thus accurate resolution of the object depends upon filtering out or avoiding such measurements.
To avoid near-null amplitudes in the acoustic field we shall assume that at each position (r b , θ, z) the source-receiver unit is capable of varying the frequency about some target frequency in search of a relatively high-amplitude measurement. This will be simulated by computing the total acoustic field u * at wavenumbers k = 7, 7.5, 8, 8.5, 9 and using the value having greatest magnitude. The ICD method is then applied to the maximal u * for the wavenumber that generated it. Figure 10 shows the composite field that results from this procedure and the wavenumbers that generated it when the scatterer was the indented spindle (16) and the axis-to-receiver distance was r b = 6. As can be seen, the variablefrequency approach was successful in avoiding near-nulls in the field. Figures 11 and 12 show the result of applying the variable-frequency approach to the indented spindle at axis-to-receiver distances of r b = 2 and r b = 6. Figures 13 and 14 show the comparable results for the conical seamount. Figures 15 and 16 show 3D reconstructions of the indented spindle and seamount for r b = 6.
Discussion
The originality of this work over previous incursions into this field was (1) to employ the RH to simulate, in a numerically efficient manner, the measured data, and (2) to use the ICD approximation of the scattered field so as to obviate resolution of the state equation during the inversion phase (i.e., to obtain the solution of the data equation). Thus, although the 'measured' and trial fields are both approximate in nature, they are fundamentally different, so that there is no danger of having committed the inverse crime.
This investigation has also shown that it is difficult to invert back-scattered data obtained at only one frequency for the purpose of identifying a body in an acoustic waveguide. However, when these data are available at several (∼5) frequencies, the identification becomes feasible, even for bodies with complicated (e.g. non-convex) geometries.
The ICD approximation has a fundamental weakness in the present context in that it is not applicable on the axis of an axisymmetric body. This means that axisymmetric bodies that do not occupy the full height of the water column appear, after reconstruction, as if they have 'tails' near the vertical axis. These tails are easy to eliminate, knowing a priori that they are a consequence of the ICD, and not real features of the to-be-reconstructed shape of the body. The other, significant, features of the body (size, shape, location along the vertical axis) were shown to be well identified, even with a rather limited number of data. No noise was added to the latter because the inherent approximations in the Rayleigh approximation, simulate, in a sense, errors in the measured data.
Clearly the results contained in this paper would be more convincing if a true 3D direct solver were used to produce an accurate direct scattered field. Researchers in the field of underwater acoustics usually take about three years to write accurate 3D code. Unfortunately, we do not have such a program yet, though Lin [18] has been working on it and it should be available shortly. Because we use two different methods for direct and inverse problems, the error generated by the RH does not improve our results. Indeed, the reconstruction should be even better if the 'measured' scattered field is more accurate.
In conclusion we emphasize that RH methods really work, indeed much better than generally thought. To convince oneself of this, see in this regard [4, 10, 24] . Even though solving forward scattering by RH methods leads to severely ill-posed problems (this feature is shared by Waterman methods [4, 5, 10] ), regularization procedures can, and have been, proposed to alleviate this difficulty. See, e.g., [3] .
In the future we intend to add random noise to the direct scattered field and to use one of several regularization methods to stabilize the minimization processes. The initial impression of the reader of the present paper might be that it would be more convincing if random noise were used instead of truncation to generate error; however, after a moment of reflection it is clear that the error caused by using the RH for generating the scattered field is relatively large, hence a small random noise would have no apparent effect on the simulation. For this reason we did not present computational results concerning small random noise. Regarding regularization, we have actually adopted some a priori information in our computer simulation. In fact, we assume that the radius ρ 1 of the object lies in the interval [0, f max ] where f max is known. This assumption prevents the computation converging to a wrong local minimum. In this case, adding a penalty term will only increase the reconstruction error. (It is well known that by adding a regularization term computational stability is increased, but with a compensating increased error.) Therefore, to generate error, in this paper we used a leastsquares minimization, instead of a regularized minimization.
Nonetheless, there are important issues here which we plan to address more precisely in a subsequent paper.
